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import sys
sys.path.append("statlib")

from multi import nonlinear_fitting

2.1 BI¥

X MR (VA RTH X))

y feEEE (VA FTH LW

init NI X=F OHIIE (VA LTS &)

model L1IKFRTETVL (577 4L b id "Asymptotic")

method FHREFIE, 7740 T s — ik ("marquardt"), fiicy v Ly 7 Rk

("simplex") ZIBETE 3,

trace True D & EWHGHEZ£RT 5 (77 4V kL False)

maxit IOREHR BRI (777 %V B i3 1000)

epsilon INHCHIESRE (77 4L M E 1e-7)

verbose HEFNRO 7Y v P IE TS (577 4V b ik True),
22 RDIEDHRE

"p" K5 R—%

"predicted" BIZZH IS 2 P I0E

"resid" TUERE

"x" IRV

"y" TEIEARL

"model" = 7IVEEEA



"function" €7 IVEIE

%1 model ICHETLHD

model function
"Powerl" y = ax’
"Power2" y=ax’ +c¢

"Exponentiall" y=ab*

"Exponential2" y = a(l —exp(—bx))

"Asymptotic" y=ab*+c
"Logisticl" y =a/(l + bexp(—cx))
"Logistic2" y=a/(l +bexp(—cx))+d
"Logostic3" y = 1/(1 + aexp(—bx))
b-a
"Logistic4" =a+———
ogistic y=a T+ @/
"Gomperts" y = ab®Pen
"Weibull" y=1-exp(—-x*/b)
"Sin" y=asin(bx+c)+dx+e
"Hyperbolal" y=a+
xFc
"H bola2" =—
yperboia Y b tcex+d
3} E I—PRERT LR, SO &,

3 {EFRf

import sys
sys.path.append("statlib™)
from multi import nonlinear_fitting

import matplotlib.pyplot as plt

def graph(x, y, a):
X0 = np.min(x)
x1 = np.max(x)
delta = (x1-x0)*0.05
x2 = np.arange(x0-delta, xl+delta, (x1-x0+2*delta)/500)
y2 = a["function"](Ca["p"], x2)
plt.scatter(x, y, c="black", s=9)
plt.plot(x2, y2, linewidth=0.5, color="red")
plt.xlabel ("x")
plt.ylabel("y™)
plt.show()




3.1

model = "Exponentiall"

import numpy as np

X = np.arange(l, 11)
= np.array([6, 18, 54, 162, 486, 1458, 4374, 13102, 39366, 118098])
np.random.seed(1234) # BEIREBEELH W
inival = [1, 1]
a = nonlinear_fitting(x, y, inival, model="Exponentiall", method="
simplex™)
graph(x, y, a)
Exponentiall by Simplex method
estimates

a 1.995568
b 3.000669
residual sum of squares 285.884500

X y pred. resid.
0 1.0 6.0 5.988038 0.011962
1 2.0 18.0 17.968120 0.031880
2 3.0 54.0 53.916382 0.083618
3 4.0 162.0 161.785215 0.214785
4 5.0 486.0 485.463878 0.536122
5 6.0 1458.0 1456.716410  1.283590
6 7.0 4374.0 4371.123775  2.876225
7 8.0 13102.0 13116.295609 -14.295609
8 9.0 39366.0 39357.661635  8.338365
9 10.0 118098.0 118099.315200 -1.315200
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b = nonlinear_fitting(x, vy,
graph(x, y, b)

a["p"], model="Exponentiall")

Exponentiall

a
b

residual sum of

W 00 N O v B W N P
©O© 00 N O v b W N

X
0
0
0
0
.0 486
0
0
0
0
0

-
(=]

y
6.0
18.0
54.0
162.0

.0
1458.0
4374.0
13102.0
39366.0
118098.0

squares

118099.

by Marquardt method

estimates
1.995567
3.000669

pred.

.988036
.968114
.916365
.785172
.463773
.716161
.123226
.294561
.660290

316561

285.884495

N R Q@ e e 2

resid.

.011964
.031886
.083635
.214828
.536227
.283839
.876774
-14.
8.
-1.

294561
339710
316561
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3.2 model = "Exponential2"
import numpy as np
X = np.arange(l, 11)
= np.array([0.518, 0.962, 1.187, 1.398, 1.530, 1.669, 1.755, 1.819,

1.866, 1.900]1)
np.random.seed(1234) # BERIETELHZ W
inival = [1, 1]
a = nonlinear_fitting(x, y, inival, model="Exponential2", method="

simplex™)
graph(x, y, a)
Exponential?2 by Simplex method

estimates
a 2.000921
b 0.298158
residual sum of squares 0.000483
X y pred. resid.

® 1.0 0.518 0.515869 0.002131




1 2.0 0.902 0.898739 0.003261
2 3.0 1.187 1.182899 0.004101
3 4.0 1.398 1.393798 0.004202
4 5.0 1.530 1.550324 -0.020324
5 6.0 1.669 1.666495 0.002505
6 7.0 1.755 1.752716 0.002284
7 8.0 1.819 1.816707 0.002293
8 9.0 1.866 1.864200 0.001800
9 10.0 1.900 1.899449 0.000551
1.8 -
1.6
1.4 A
1.2 A
1.0
0.8 -
0.6 -
0.4 1
1 1 1 1 1
2 + 6 8 10

b = nonlinear_fitting(x, y, al["p"],
graph(x, y, b)

model="Exponential2")

Exponential?2

a
b

residual sum of squares

X y

pred.

0 1.0 0.518 0.515870
1 2.0 0.902 0.898739

by Marquardt method

estimates
2.000916
0.298159
0.000483

resid.
0.002130
0.003261




2 3.0 1.187 1.182899 0.004101
3 4.0 1.398 1.393798 0.004202
4 5.0 1.530 1.550323 -0.020323
5 6.0 1.669 1.666493 0.002507
6 7.0 1.755 1.752713 0.002287
7 8.0 1.819 1.816704 0.002296
8 9.0 1.866 1.864197 0.001803
9 10.0 1.900 1.899446 0.000554
1.8 1
1.6 -
1.4 A
1.2 A
>
1.0 -
0.8 1
0.6 -
0.4 -
1 1 1 1 1
2 4 6 8 10

3.3 model = "Asymptotic'

import numpy as np

inival = [2, 2, 2]
X = np.arange(0, 11) / 2
y = np.array([52, 53, 56, 60, 68, 81, 104, 144, 212, 331, 536])

np.random.seed(1234) # BEIREEL &K W

inival = [2, 2, 2]

a = nonlinear_fitting(x, y, inival, model="Asymptotic", method="
simplex™)

graph(x, y, a)




Asymptotic by Simplex method
estimates
a 2.028238
b 2.991959
C 49.735072
residual sum of squares 0.421581
X y pred. resid.
O 0.0 52.0 51.763310 0.236690
1 0.5 53.0 53.243372 -0.243372
2 1.0 56.0 55.803477 0.196523
3 1.5 60.0 60.231762 -0.231762
4 2.0 68.0 67.891491 0.108509
5 2.5 81.0 81.140738 -0.140738
6 3.0 104.0 104.058334 -0.058334
7 3.5 144.0 143.699541 0.300459
8 4.0 212.0 212.268049 -0.268049
9 4.5 331.0 330.872921 0.127079
10 5.0 536.0 536.027094 -0.027094
700 +
600
500
400 A
300 -+
200 -+
100 -~
1 1 1 1 1
0 1 2 3 4

b = nonlinear_fitting(x, y, al["p"],

model="Asymptotic")




graph(x, vy,

b)

Asymptotic by Marquardt method
estimates
2.028235
2.991960
C 49.735076
residual sum of squares 0.421581
X y pred. resid.
O 0.0 52.0 51.763311 0.236689
1 0.5 53.0 53.243372 -0.243372
2 1.0 56.0 55.803475 0.196525
3 1.5 60.0 60.231757 -0.231757
4 2.0 68.0 67.891481 0.108519
5 2.5 81.0 81.140723 -0.140723
6 3.0 104.0 104.058312 -0.058312
7 3.5 144.0 143.699511 0.300489
8 4.0 212.0 212.268015 -0.268015
9 4.5 331.0 330.872892 0.127108
10 5.0 536.0 536.027099 -0.027099
700
600
500 A
400 1
300 A
200 A
100 1
1 1 1 1
0 1 2 4




3.4 model = "Powerl"

import numpy as np

11)
16,

np.arange (1,
np.array([2,

54, 128, 250, 432, 680, 1024,

1458, 2000])

np.random.seed(1234) # BEIEFHEEL & W

inival = [1, 1]
a = nonlinear_fitting(x, y, inival, model="Powerl", method="simplex")
graph(x, y, a)
Powerl by Simplex method
estimates

a 1.969082
b 3.006834
residual sum of squares 26.620294

X y pred. resid.
0 1.0 2.0 1.969082 0.030918
1 2.0 16.0 15.827453 0.172547
2 3.0 54.0 53.565872 0.434128
3 4.0 128.0 127.220818 0.779182
4 5.0 250.0 248.857352 1.142648
5 6.0 432.0 430.561621 1.438379
6 7.0 680.0 684.436527 -4.436527
7 8.0 1024.0 1022.598896 1.401104
8 9.0 1458.0 1457.177471 0.822529
9 10.0 2000.0 2000.311414 -0.311414

10




2000

1500

1000

500

b = nonlinear_fitting(x, y, a["p"], model="Powerl")
graph(x, y, b)

Powerl by Marquardt method
estimates

a 1.969074

b 3.006836

residual sum of squares 26.620293

X y pred. resid.
0 1.0 2.0 1.969074 0.030926
1 2.0 16.0 15.827408 0.172592
2 3.0 54.0 53.565760 0.434240
3 4.0 128.0 127.220625 0.779375
4 5.0 250.0 248.857084 1.142916
5 6.0 432.0 430.561311 1.438689
6 7.0 680.0 684.436243 -4.436243
7 8.0 1024.0 1022.598741 1.401259
8 9.0 1458.0 1457.177587 0.822413
9 10.0 2000.0 2000.311988 -0.311988

11



3.5

2000 A

1500

1000

500

model = "Power2"

8 10

import numpy as np

np.arange(l, 11)
y = np.array([7, 21,

>
1l

59, 133, 255,

436, 691, 1029,

1463, 2005])

inival = [1, 1, 1]

graph(x, y, a)

a = nonlinear_fitting(x, y, inival,

np.random.seed(1234) # EEEFHEEL & W

model="Power2",

method="simplex")

Power2 by Simplex method
estimates
a 2.041872
b 2.991345
C 2.767676
residual sum of squares 14.965732
y pred. resid.
0 1.0 7.0 4.809548 2.190452

12




1 2.0 21.0 19.004947 1.995053
2 3.0 59.0 57.376488 1.623512
3 4.0 133.0 131.888882 1.111118
4 5.0 255.0 254.470936 0.529064
5 6.0 436.0 437.025100 -1.025100
6 7.0 691.0 691.432951 -0.432951
7 8.0 1029.0 1029.558775 -0.558775
8 9.0 1463.0 1463.252096 -0.252096
9 10.0 2005.0 2004.349557 0.650443
2000
1500 A
1000
500
0 -
T T T T T
2 4 6 8 10

b = nonlinear_fitting(x, y, a["p"], model="Power2")
graph(x, y, b)
Power2 by Marquardt method
estimates
a 1.994464
b 3.001226
C 5.020082
residual sum of squares 0.771781

0 1.0 7

.0

pred.

resid.

7.014546 -0.014546

13




1 2.0 21.0 20.989361 0.010639

2 3.0 59.0 58.943198 0.056802

3 4.0 133.0 132.882932 0.117068

4 5.0 255.0 254.820547 0.179453

5 6.0 436.0 436.771792 -0.771792

6 7.0 691.0 690.755402 0.244598

7 8.0 1029.0 1028.792595 0.207405

8 9.0 1463.0 1462.906705 0.093295

9 10.0 2005.0 2005.122922 -0.122922
2000 +

1500

>
1000
500 A
0
T T T T T
2 4 6 8 10
X
3.6 model = "Logisticl"

import numpy as np

X = np.arange(l, 11)

y = np.array([1.538, 1.573, 1.606, 1.636, 1.675, 1.692, 1.717,

1.741, 1.762,

1.

7831)

inival = [1,
ll)
graph(x, vy,

a)

1]

y,

inival,

14

np.random.seed(1234) # BEREELLH W
1,
a = nonlinear_fitting(x,

model="Logisticl",

method="simplex




L

Logisticl

by Simplex method

estimates

1.961317

0.308199

C 0.111728

residual sum of squares 0.000077

X y pred. resid.

0 1.0 1.538 1.537542 0.000458

1 2.0 1.573 1.573482 -0.000482

2 3.0 1.606 1.607076 -0.001076

3 4.0 1.636 1.638357 -0.002357

4 5.0 1.675 1.667381 0.007619

5 6.0 1.692 1.694223 -0.002223

6 7.0 1.717 1.718969 -0.001969

7 8.0 1.741 1.741720 -0.000720

8 9.0 1.762 1.762582 -0.000582

9 10.0 1.783 1.781666 0.001334
1.80 4
1.75 4
1.70

°
1,65 -
1. 60 1
1.55 1
T T T T T
2 4 6 8 10

b = nonlinear_fitting(x,

y, al"p"],

15

model="Logisticl")




graph(x,

y, b)

Logisticl

by Marquardt method

estimates

1.961388

0.308241

c 0.111705

residual sum of squares 0.000077

X y pred. resid.

0 1.0 1.538 1.537544 0.000456

1 2.0 1.573 1.573482 -0.000482

2 3.0 1.606 1.607074 -0.001074

3 4.0 1.636 1.638355 -0.002355

4 5.0 1.675 1.667379 0.007621

5 6.0 1.692 1.694221 -0.002221

6 7.0 1.717 1.718968 -0.001968

7 8.0 1.741 1.741721 -0.000721

8 9.0 1.762 1.762585 -0.000585

9 10.0 1.783 1.781671 0.001329
1.80 4
1.75 4
1.70

°
1,65 -
1. 60 1
1.55 1
T T T T
2 4 8 10

16




3.7 model = "Logistic2"

import numpy as np

np.arange (0, 11)
np.array([2.538,
2.741, 2.762, 2.783,

2.573, 2.606,
2.8011)

2.636, 2.655,

2.692,

2.717,

np.random.seed(1234) # BEEFHEEL & W

inival = [1, 1, 1, 1]
a = nonlinear_fitting(x, y, inival, model="Logistic2", method="simplex
")
graph(x, y, a)
Logistic2 by Simplex method
estimates
a 0.525845
b 1.772696
C 0.230427
d 2.353074
residual sum of squares 0.000116
X y pred. resid.
0 0.0 2.538 2.542725 -0.004725
1 1.0 2.573 2.571460 0.001540
2 2.0 2.606 2.601334 0.004666
3 3.0 2.636 2.631593 0.004407
4 4.0 2.655 2.661442 -0.006442
5 5.0 2.692 2.690131 0.001869
6 6.0 2.717 2.717023 -0.000023
7 7.0 2.741 2.741644 -0.000644
8 8.0 2.762 2.763706 -0.001706
9 9.0 2.783 2.783096 -0.000096
10 10.0 2.801 2.799852 0.001148

17




2. 80 1

2.75 1

2.70 1

2. 65 1

2.60 1

2.55 A

b = nonlinear_fitting(x, y, a["p"], model="Logistic2")

graph(x, y, b)
Logistic2 by Marquardt method
estimates
a 1.103042
b 0.644541
e 0.126422
d 1.868542
residual sum of squares 0.000081
X y pred. resid.
0 0.0 2.538 2.539271 -0.001271
1 1.0 2.573 2.572014 0.000986
2 2.0 2.606 2.603637 0.002363
3 3.0 2.636 2.633958 0.002042
4 4.0 2.655 2.662831 -0.007831
5 5.0 2.692 2.690142 0.001858
6 6.0 2.717 2.715815 0.001185
7 7.0 2.741 2.739807 0.001193
8 8.0 2.762 2.762105 -0.000105

18




9 9.0 2.783 2.782723 0.000277
10 10.0 2.801 2.801697 -0.000697

2. 80 -
2.75 -
2.70 -

>
2.65 1 °

2. 60

2.55 A

3.8 model = "Logistic3"

import numpy as np

»
1l

np.arange (0, 11)
np.array([0.333, 0.403, 0.477, 0.552, 0.604, 0.691, 0.752,
0.803, 0.846, 0.882, 0.909])

np.random.seed(1234) # BEEEEL LB W

inival = [1, 1, 1]

a = nonlinear_fitting(x, y, inival, model="Logistic3", method="simplex
")

graph(x, y, a)

Logistic3 by Simplex method
estimates
2.015847
0.299125
C 0.755249

19



residual sum of squares 0.000351

X y pred. resid.
0 0.0 0.333 0.331582 0.001418
1 1.0 0.403 0.400852 0.002148
2 2.0 0.477 0.474325 0.002675
3 3.0 0.552 0.548927 0.003073
4 4.0 0.604 0.621392 -0.017392
5 5.0 0.691 0.688815 0.002185
6 6.0 0.752 0.749079 0.002921
7 7.0 0.803 0.801044 0.001956
8 8.0 0.846 0.844482 0.001518
9 9.0 0.882 0.879858 0.002142
10 10.0 0.909 0.908063 0.000937
0.9 1
0.8 1
0.7 1

” 0.6 - °
0.5 A
0.4 1
0.3 A
1 1 1 1 1 1
0 2 4 6 8 10

b = nonlinear_fitting(x, y, al["
graph(x, y, b)

p"], model="Logistic3")

Logistic3

by Marquardt method

estimates
2.015847
0.299125

20




C

0.755249

residual sum of squares 0.000351

X y pred. resid.
0 0.0 0.333 0.331582 0.001418
1 1.0 0.403 0.400852 0.002148
2 2.0 0.477 0.474325 0.002675
3 3.0 0.552 0.548927 0.003073
4 4.0 0.604 0.621392 -0.017392
5 5.0 0.691 0.688815 0.002185
6 6.0 0.752 0.749079 0.002921
7 7.0 0.803 0.801044 0.001956
8 8.0 0.846 0.844482 0.001518
9 9.0 0.882 0.879858 0.002142
10 10.0 0.909 0.908063 0.000937
0.9 1
0.8 1
0.7 4

> 0.6 - °
0.5 -
0.4 1
0.3 -
1 1 1 1 1 1
0 2 4 6 8 10
3.9 model = "Logistic4"
import numpy as np
X = np.arange(l, 11)
= np.array([0.976, 0.816, 0.733, 0.679, 0.631, 0.612, 0.59, 0.571,

21



0.555, 0.542])

np.random.seed(1234) # EEIEFHEEL & W

inival = [1, 1, 1, 1]

a = nonlinear_fitting(x, y, inival, model="Logistic4", method="simplex
")

graph(x, y, a)

Logistic4 by Simplex method
estimates
a 1.243296
b 0.441712
C 1.822641
d 1.124166
residual sum of squares 0.000122
X y pred. resid.
0 1.0 0.976 0.972827 0.003173
1 2.0 0.816 0.821603 -0.005603
2 3.0 0.733 0.733088 -0.000088
3 4.0 0.679 0.676120 0.002830
4 5.0 0.631 0.636769 -0.005769
5 6.0 0.612 0.608126 0.003874
6 7.0 0.590 0.586428 0.003572
7 8.0 0.571 0.569472 0.001528
8 9.0 0.555 0.555884 -0.000884
9 10.0 0.542 0.544771 -0.002771

22




~ 0.8 -

1.14

1.0 -

0.9 1

0.7 1

0.6 1

10

graph(x, y, b)

b = nonlinear_fitting(x, y, al["p"],

model="Logistic4")

Logistic4 by Marquardt method
estimates

a 1.490517
b 0.387936
C 1.171216
d 0.843693
residual sum of squares 0.000076
X y pred. resid.

0 1.0 0.976 0.975926 0.000074
1 2.0 0.816 0.816854 -0.000854
2 3.0 0.733 0.731287 0.001713
3 4.0 0.679 0.676670 0.002330
4 5.0 0.631 0.638376 -0.007376
5 6.0 0.612 0.609856 0.002144
6 7.0 0.590 0.587695 0.002305
7 8.0 0.571 0.569925 0.001075
8 9.0 0.555 0.555323 -0.000323

23




9 10.0 0.542 0.543089 -0.001089

1.1 1

1.0 -

0.9 1

>

0.8 1

0.7 1

0.6 1

3.10 model = "Gomperts"

import numpy as np

>
|

= np.arange(l, 11)
y = np.array([0.964, 1.284, 1.529, 1.699, 1.812, 1.884, 1.929,
1.956, 1.973, 1.984])

np.random.seed(1234) # BEEFHEEL & W

inival = [1.1, 1.1, 1.1]

a = nonlinear_fitting(x, y, inival, model="Gomperts", method="simplex
")

graph(x, y, a

Gomperts by Simplex method
estimates
2.000028
0.300125
C 0.499889

residual sum of squares 0.000001

24



X y pred. resid.
O 1.0 0.964 0.963760 0.000240
1 2.0 1.284 1.284410 -0.000410
2 3.0 1.529 1.528859 0.000141
3 4.0 1.699 1.699281 -0.000281
4 5.0 1.812 1.811784 0.000216
5 6.0 1.884 1.883628 0.000372
6 7.0 1.929 1.928589 0.000411
7 8.0 1.956 1.956383 -0.000383
8 9.0 1.973 1.973438 -0.000438
9 10.0 1.984 1.983856 0.000144
2.0 A
1.8
1.6 -
> 1.4 4
1.2 1
1.0 -+
0.8 -
1 1 1 1 1
2 4 6 8 10

b = nonlinear_fitting(x, y, a["p"],
graph(x, y, b)

model="Gomperts")

Gomperts

a
b

C

residual sum of squares

by Marquardt method

estimates
2.000028
0.300125
0.499889
0.000001

25




>

3.11

X y pred. resid.
0 1.0 0.964 0.963760 0.000240
1 2.0 1.284 1.284410 -0.000410
2 3.0 1.529 1.528859 0.000141
3 4.0 1.699 1.699281 -0.000281
4 5.0 1.812 1.811784 0.000216
5 6.0 1.884 1.883628 0.000372
6 7.0 1.929 1.928589 0.000411
7 8.0 1.956 1.956383 -0.000383
8 9.0 1.973 1.973438 -0.000438
9 10.0 1.984 1.983856 0.000144
2.0 4
1.8 -
1.6 -
1.4 1
1.2 1
1.0 -
0.8 -

1 1 1 1 1
2 4 6 8 10
model = "Weibull"
import numpy as np
X = np.arange(l, 11)
= np.array([0.283, 0.418, 0.513, 0.565, 0.642, 0.689, 0.728, 0.76,

0.788, 0.812])

np.random.seed(1234) # BEEFHEEL & W

26




inival = [1, 1]
a = nonlinear_fitting(x, y, inival, model="Weibull", method="simplex")
graph(x, y, a)

Weibull by Simplex method
estimates

a 3.040486

b 0.704106

residual sum of squares 0.000344

X y pred. resid.
0 1.0 0.283 0.280281 0.002719
1 2.0 0.418 0.414807 0.003193
2 3.0 0.513 0.509757 0.003243
3 4.0 0.565 0.582267 -0.017267
4 5.0 0.642 0.639918 0.002082
5 6.0 0.689 0.686933 0.002067
6 7.0 0.728 0.725960 0.002040
7 8.0 0.760 0.758792 0.001208
8 9.0 0.788 0.786701 0.001299
9 10.0 0.812 0.810627 0.001373
0.8 -
0.7 1
0.6 1
°
> 0.5 1
0.4 1
0.3 -
0.2 1
1 1 1 1 1
2 4 6 8 10
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b = nonlinear_fitting(x, y, a["p"],

graph(x, y, b)

model="Weibull")

Weibull by Marquardt method
estimates
a 3.040486
b 0.704106
residual sum of squares 0.000344
X y pred. resid.
0 1.0 0.283 0.280281 0.002719
1 2.0 0.418 0.414807 0.003193
2 3.0 0.513 0.509757 0.003243
3 4.0 0.565 0.582267 -0.017267
4 5.0 0.642 0.639918 0.002082
5 6.0 0.689 0.686933 0.002067
6 7.0 0.728 0.725960 0.002040
7 8.0 0.760 0.758792 0.001208
8 9.0 0.788 0.786701 0.001299
9 10.0 0.812 0.810627 0.001373
0.8 -
0.7 1
0.6 1
°
> 0.5 1
0.4 -
0.3 A
0.2 1
1 1 1 1 1
2 4 6 8 10
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3.12 model = "Sin"

import numpy as np

X = np.arange(l, 31)

np.array([5.896, 6.539, 5.847, 4.427, 3.23, 3.1, 4.382, 6.754,
9.382,
11.314, 11.922, 11.203, 9.777, 8.597, 8.5, 9.814, 12.203, 14.826,
16.731, 17.305, 16.559, 15.127, 13.965, 13.901, 15.247, 17.653,
20.269, 22.147, 22.686, 21.915])

np.random.seed(1234) # BERBEELGZWV

inival = [3.0911, 0.6935, 0.6307, 0.5922, 2.6575]

a = nonlinear_fitting(x, y, inival, model="Sin", method="simplex")
graph(x, y, a)

Sin by Simplex method
estimates
a 3.004147
b 0.699925
C 0.497174
d 0.599190
e 2.556804
residual sum of squares 0.064335
X y pred. resid.
0 1.0 5.896 5.952807 -0.056807
1 2.0 6.539 6.600886 -0.061886
2 3.0 5.847 5.910860 -0.063860
3 4.0 4.427  4.488945 -0.061945
4 5.0 3.230 3.285502 -0.055502
5 6.0 3.100 3.148164 -0.048164
6 7.0 4.382 4.423262 -0.041262
7 8.0 6.754 6.792969 -0.038969
8 9.0 9.382  9.424755 -0.042755
9 10.0 11.314 11.362853 -0.048853
10 11.60 11.922 11.977682 -0.055682
11 12.0 11.203 11.261889 -0.058889
12 13.0 9.777 9.833803 -0.056803
13 14.0 8.597 8.646690 -0.049690
14 15.0 8.500 8.540504 -0.040504
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15 16.0 9.814 9.846925 -0.032925
16 17.0 12.203 12.233401 -0.030401
17 18.0 14.826 14.859514 -0.033514
18 19.0 16.731 16.772166 -0.041166
19 20.0 17.305 17.353741 -0.048741
20 21.0 16.559 16.612522 -0.053522
21 22.0 15.127 15.178795 -0.051795
22 23.0 13.965 14.008478 -0.043478
23 24.0 13.901 13.933626 -0.032626
24 25.0 15.247 15.271188 -0.024188
25 26.0 17.653 17.673965 -0.020965
26 27.0 20.269 20.293877 -0.024877
27 28.0 22.147 22.180741 -0.033741
28 29.0 22.686 22.729067 -0.043067
29 30.0 21.915 21.962772 -0.047772
22.5 1
20.0 1
17.5 -
15.0 -
> 12.5 -
10.0 -
7.5
5.0
2.5

inival = [3.0911, 0.6935, 0.6307, 0.5922, 2.6575]
b = nonlinear_fitting(x, y, inival, model="Sin")
graph(x, y, b)

Sin by Marquardt method

estimates
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e

residual sum
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[=]

©O© 00 N O U1 b W N -

© O A W WA 1Oy W»

of squares

.896
.539
. 847
.427
.230
.100
.382
.754
.382
11.
11.
11.
777
.597
.500
.814
12.
14.
16.
17.
16.
15.
13.
13.
15.
17.
20.
22.
22.
21.

314
922
203

203
826
731
305
559
127
965
901
247
653
269
147
686
915

O O & W W b U1 OO0 v

[ S Y
T Y

@ N @ @ @ N

pred.

.896144
.538987
.846669
.426984
.229821
.100415
.381812
.753535
.382307
.313954
.922175
.203098
.777105
.597051
.500123
.814093
.203165
.825901
.730967
.304562
.559102
.127374
.964932
.900680
.247022
.652936
.269063
.147178
.686156
.914692

.999913
. 700002
.499962
.599990
.500157
.000001

resid.
-0.000144
0.000013
0.000331
0.000016
0.000179
-0.000415
0.000188
0.000465
-0.000307
0.000046
-0.000175
-0.000098
-0.000105
-0.000051
-0.000123
-0.000093
-0.000165
0.000099
0.000033
0.000438
-0.000102
-0.000374
0.000068
0.000320
-0.000022
0.000064
-0.000063
-0.000178
-0.000156
0.000308
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22.5 1
20.0 1
17.5 1
15.0 1
> 12.5 1

10. 0 1

3.13 model = "Hyperbolal"

15 20 25 30

import numpy as np

>
1l

np.arange(l, 11)

6.158, 5.857])

y = np.array([23.2, 16.5, 11.571,

9.667, 8.455, 7.615, 7, 6.529,

inival = [1, 1, 1]

simplex™)
graph(x, y, a)

a = nonlinear_fitting(x, y, inival,

np.random.seed(1234) # BERBFEELHE W

model="Hyperbolal", method="

Hyperbolal by Simplex method
estimates

2.226427

36.867817

C 0.743333

residual sum of squares 1.202826

X y pred. resid.




0 1.0 23.200 23.374322 -0.174322
1 2.0 16.500 15.665489 0.834511
2 3.0 11.571 12.075356 -0.504356
3 4.0 9.667 9.998983 -0.331983
4 5.0 8.455 8.645665 -0.190665
5 6.0 7.615 7.693727 -0.078727
6 7.0 7.000 6.987661 0.012339
7 8.0 6.529 6.443105 0.085895
8 9.0 6.158 6.010330 0.147670
9 10.0 5.857 5.658120 0.198880
30 -
25
20 1
°
15 1
)
10 +
5 4
1 1 1 1 1
2 1 6 8 10

b = nonlinear_fitting(x, y, a["p"], model="Hyperbolal")

graph(x, y, b)

Hyperbolal

C

e

3

residual sum of squares

pred.

by Marquardt method

stimates
2.226828
6.864234
0.743211
1.202826

resid.
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0 1.0 23.200 23.374141 -0.174141
1 2.0 16.500 15.665178 0.834822
2 3.0 11.571 12.075119 -0.504119
3 4.0 9.667 9.998827 -0.331827
4 5.0 8.455 8.645577 -0.190577
5 6.0 7.615 7.693694 -0.078694
6 7.0 7.000 6.987674 0.012326
7 8.0 6.529 6.443154 0.085846
8 9.0 6.158 6.010409 0.147591
9 10.0 5.857 5.658226 0.198774
30 -
25
20
>

°

15 1
)

10 +
5 4

1 1 1 1 1

2 1 6 8 10

3.14 model = "Hyperbola2"

import numpy as np

>
1l

np.arange(l, 11)
np.array([3.922, 1.282, 0.623, 0.396, 0.241, 0.17, 0.127, 0.098,
0.078, 0.063])

np.random.seed(1234) # BEEEEL LB W
inival = [1, 1, 1, 1]
a = nonlinear_fitting(x, y, inival, model="Hyperbola2", method="
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simplex™)

graph(x, y, a)
Hyperbola2 by Simplex method
estimates
a 1.146401
b 0.161888
C 0.116019
d 0.014397
residual sum of squares 0.000661
X y pred. resid.
0 1.0 3.922 3.921950 0.000050
1 2.0 1.282 1.282346 -0.000346
2 3.0 0.623 0.630082 -0.007082
3 4.0 0.396 0.373581 0.022419
4 5.0 0.241 0.246979 -0.005979
5 6.0 0.170 0.175331 -0.005331
6 7.0 0.127 0.130882 -0.003882
7 8.0 0.098 0.101421 -0.003421
8 9.0 0.078 0.080895 -0.002895
9 10.0 0.063 0.066024 -0.003024
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b = nonlinear_fitting(x, vy, a["p"],

graph(x, y, b)

model="Hyperbola2")

Hyperbola2 by Marquardt method
estimates
a 1.146400
b 0.161882
C 0.116038
d 0.014384
residual sum of squares 0.000661
X y pred. resid.
0 1.0 3.922 3.921941 0.000059
1 2.0 1.282 1.282343 -0.000343
2 3.0 0.623 0.630085 -0.007085
3 4.0 0.396 0.373584 0.022416
4 5.0 0.241 0.246982 -0.005982
5 6.0 0.170 0.175334 -0.005334
6 7.0 0.127 0.130884 -0.003884
7 8.0 0.098 0.101423 -0.003423
8 9.0 0.078 0.080897 -0.002897
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9 10.0 0.063 0.066026 -0.003026

3.15 model = A—YHEET IEHE

I—YFPRERT LB~ DUTIDEITA S,

2T, BSOS fa,b,c,d, x) = axi s +d DBEED THNT 5.

BI%UE a,b,c,d DA DDNFTRA=F ZFOBBTHD, 4 DDF7 X =7 ZNZF IOV L 72X
ZRDTEL,

PUF o & 5 7 Python OB %% E$ 7 3,

A RTEObDTL Y, BUTOHITIX user_defined Th 3,

BIBE R A —F X7 b b ip, MATEBAR Y b L i x_value, iy 0 £i=None ® 3T, ZDHEH B
T% BIEOAHNINEZ ZE T TEBITIXTEEDOLHNC L TL W),

Python DBAEINTIZ/89 A —# 1% p[0], p[1], p[2], ... E LTI, NI A= DIEFIFTETH 5,
PP, 777Xy MEZEHL %,

I—YPERTIHENH LD £, 0, fj[:n, 1,fjl:n, 2,... DELOXTH 3,

£50:n, 0] ETEORMK f(a,b,c.d,x) % a TR L =XThH %, Thbb, —ﬁ D a, b, ¢ % p[o],
pl[1],p[2] > TH VT3,

fil:n, 1BITCOBR f(a,b,c,d,x) % b ORI LR LR,

%D return DXDORUE f(a,b,c,d,x) ZDHbDTH 5,

def user_defined(p, x_value, fj=None): # y =c / (a * x + b) + d
n = len(x_value)
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if fj is not None:
fjl:n, 0] = - p[2] * x_value / (p[0] * x_value + p[1])**2
fjlin, 1] -pl2] / (p[0] * x_value + p[1])**2
fjl:n, 2] 1 / (p[®] * x_value + p[1])
fj[:n, 3] =1
return p[2] / (p[0] * x_value + p[1l]) + p[3]

nonlinear_fitting() #ffiH 7 % & &, model ICBHEBAZIEET 5, XFIITHET 2D TlE R\, LD
HlchiiE, B2 user_defined 2D T, model=user_defined & 7 3%,

import numpy as np

>
1l

np.arange(l, 11)
np.array([5.044, 3.267, 2.505, 2.6081, 1.812, 1.626, 1.489, 1.384,
1.302, 1.235])

inival = [1, 1, 1, 1]

a = nonlinear_fitting(x, y, inival, model=user_defined, method="
simplex™)

graph(x, y, a)

user defined function by Simplex method
estimates

a 3.976140e-01

b 1.990073e-01

C 2.651524e+00

d 5.998305e-01

residual sum of squares 7.412983e-07

X y pred. resid.
® 1.0 5.044 5.044063 -0.000063
1 2.0 3.267 3.266728 0.000272
2 3.0 2.505 2.504867 0.000133
3 4.0 2.081 2.081573 -0.000573
4 5.0 1.812 1.812190 -0.000190
5 6.0 1.626 1.625687 0.000313
6 7.0 1.489 1.488916 0.000084
7 8.0 1.384 1.384324 -0.000324
8 9.0 1.302 1.301750 0.000250
9 10.0 1.235 1.234904 0.000096
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10

b =

nonlinear_fitting(x, y, a["p"], model=user_defined)

graph(x, y, b)

user defined function

a
b
d
d

residual sum of squares

0 N O v W N R

O 00 N O U1 b W N -
[ I — = N — I — R — R — R — R

= R R R R NN W U

y

.044
.267
.505
.081
.812
.626
.489
.384
.302

=R R R = NN W oun

pred.

.044063
.266728
.504867
.081573
.812190
.625687
.488916
.384324
.301750

by Marquardt method

estimates
3.976140e-01
1.990073e-01
2.651524e+00
5.998305e-01
7.412983e-07

resid.
-0.000063
0.000272
0.000133
-0.000573
-0.000190
0.000313
0.000084
-0.000324
0.000250
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9

10.0

1.235

1.234904 0.000096
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